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TWO-DIMENSIONAL MODELS OF EARLY-TYPE FAST
ROTATING STARS: NEW CHALLENGES IN STELLAR
PHYSICS
Michel Rieutord and Francisco Espinosa Lara1
Abstract. Two-dimensional models of rapidly rotating stars are already
unavoidable for the interpretation of interferometric or asteroseismic
data of this kind of stars. When combined with time evolution, they
will allow the including of a more accurate physics for the computation
of element transport and the determination of surface abundances. In
addition, modeling the evolution of rotation will improve gyrochronol-
ogy.
Presently, two-dimensional ESTER models predict the structure
and the large-scale flows (differential rotation and meridional circula-
tion) of stars with mass larger than 1.7 M at any rotation rate. Main
sequence evolution can be mimicked by varying the hydrogen content
of the convective core. Models have been successfully tested on half a
dozen of nearby fast rotating stars observed with optical or infra-red in-
terferometers. They are now the right tool to investigate the oscillation
spectrum of early-type fast rotators.
1 Introduction
One of the main challenges of nowadays stellar physics is the building of two-
dimensional stellar models including mean flows that pervade the stars. These
flows might have various origins but rotation is certainly the most common.
It has long been known that rotation breaks the spherical symmetry of a star
but the contained angular momentum has also many consequences on the internal
dynamics of such stars. The Coriolis acceleration for instance results from the
conservation of angular momentum by fluid parcels. It imposes a complicated
dynamics with many types of shear layers (Ekman or Stewartson layers) and allow
new wave systems (inertial waves). Radiative zones cannot be at rest as they
are submitted to the baroclinic torque. The resulting baroclinic flows together
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with spin-down or spin-up flows coming from mass-loss or mass contraction are
at the origin of the so-called rotational mixing. Rotational mixing designates the
effects of both the meridional circulation and the small-scale turbulence induced
by differential rotation. Much work has been devoted to its insertion in one-
dimensional codes (see Maeder & Meynet 2000, for a review). Although undeniable
successes have been obtained with such an approach, many questions are still
pending when data are examined in closer details. One of them is the limit of
validity of 1D models when fast rotation has to be considered.
In this contribution, we would like to show that the future of stellar modeling
is in multi-dimensional models and, especially, in two-dimensional models. We
show below that two-dimensional models are now realistic enough to help for
the interpretation of observational data and to offer new insights in the internal
dynamics of rotating stars. A discussion of the future steps in the improvements
of such models ends this work.
2 Why two-dimensional models?
We may wonder why we should direct the modelling of stars towards 2D (or 3D)
models and not try to still improve 1D models that have proved so effective in
the past. The main reason comes from the strengthening necessity of accounting
for large-scale fluid flows in stars so as to better understand the effects of secular
transport on chemical abundances. Except for a radial expansion or contraction,
fluid flows need at least two-dimensions of space to ensure mass-conservation in
a meridional motion. Indeed, using spheroidal coordinates, a steady flow requires
that
∂ζ(
√
|g|ρV ζ) + ∂θ(
√
|g|ρV θ) = 0
with obvious notations (see Rieutord & Espinosa Lara 2013). The meridional
components of the velocity field can therefore be expressed with a stream function
ψ such that
V ζ = (∂θψ)/ρ
√
|g|, V θ = −(∂ζψ)/ρ
√
|g|
It shows that vertical transport (by V ζ) requires latitudinal variations of the
stream function. Hence, 2D models are the minimum step to include fluid flows
in a somewhat realistic way.
However, beyond this a priori theoretical requirement, observational data also
force us to forget about the spherical symmetry. Let us discuss the main points.
2.1 Images of fast rotators
Since the work of Domiciano de Souza et al. (2003) on Achernar (see Fig. 1),
imaging the surface of nearby rotating stars with optical or IR interferometers has
made substantial progresses (e.g. Monnier et al. 2007, and Fig. 2). Presently, the
shape and the basic brightness distribution is measured for a ten of stars. But the
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derivation of fundamental parameters of these stars relies on models that are used
to match interferometric visibilities or closure phases. So the better the models,
the better the parameters. Up to now (e.g. Monnier et al. 2012), Roche models
combined with von Zeipel laws of gravity darkening are used to invert these data.
These models are very basic and more realistic ones are extremely welcome to give
more accurate measurements.
L48 A. Domiciano de Souza et al.: The spinning-top Be star Achernar from VLTI-VINCI
Fig. 1. VLTI ground baselines for Achernar observations and their
corresponding projections onto the sky at different observing times.
Left: Aerial view of VLTI ground baselines for the two pairs of 40 cm
siderostats used for Achernar observations. Color magenta represents
the 66 m (E0-G1; azimuth 147◦, counted from North to East) and
green the 140 m (B3-M0; 58◦). Right: Corresponding baseline pro-
jections onto the sky (Bproj) as seen from the star. Note the very effi-
cient Earth-rotation synthesis resulting in a nearly complete coverage
in azimuth angles.
detection of stellar asymmetries. Moreover, Earth-rotation has
produced an efficient baseline synthesis effect (Fig. 1, right).
A total of more than 20 000 interferograms were recorded on
Achernar, and approximately as many on its calibrators, cor-
responding to more than 20 hours of integration. From these
data, we obtained 60 individual V2 estimates, at an effective
wavelength of λeff = 2.175 ± 0.003 µm.
3. Results
The determination of the shape of Achernar from our set of V2
is not a straightforward task so that some prior assumptions
need to be made in order to construct an initial solution for
our observations. A convenient first approximation is to de-
rive from each V2 an equivalent uniform disc (UD) angu-
lar diameter UD from the relation V2 = |2J1(z)/z|2. Here,
z = pi UD (α) Bproj (α) λ−1eff , J1 is the Bessel function of the
first kind and of first order, and α is the azimuth angle of Bproj
at different observing times due to Earth-rotation. The appli-
cation of this simple procedure reveals the extremely oblate
shape of Achernar from the distribution of UD(α) on an el-
lipse (Fig. 2). Since α, Bproj(α), and λeff are known much bet-
ter than 1%, the measured errors in V2 are associated only to
the uncertainties in UD. We performed a non-linear regres-
sion fit using the equation of an ellipse in polar coordinates.
Although this equation can be linearized in Cartesian coor-
dinates, such a procedure was preferred to preserve the orig-
inal, and supposedly Gaussian, residuals distribution as well
as to correctly determine the parameters and their expected
errors. We find a major axis 2a = 2.53 ± 0.06 milliarcsec
(mas), a minor axis 2b = 1.62 ± 0.01 mas, and a minor-
axis orientation α0 = 39◦ ± 1◦. Note that the correspond-
ing ratio 2a/2b = 1.56 ± 0.05 determines the equivalent star
Fig. 2. Fit of an ellipse over the observed squared visibilities V2 trans-
lated to equivalent uniform disc angular diameters. Each V2 is plotted
together with its symmetrical value in azimuth. Magenta points are
for the 66 m baseline and green points are for the 140 m baseline.
The fitted ellipse results in major axis 2a = 2.53 ± 0.06 milliarcsec,
minor axis 2b = 1.62 ± 0.01 milliarcsec, and minor axis orientation
α0 = 39◦±1◦ (from North to East). The points distribution reveals an
extremely oblate shape with a ratio 2a/2b = 1.56 ± 0.05.
oblateness only in a first-order UD approximation. To interpret
our data in terms of physical parameters of Achernar, a consis-
tent scenario must be tailored from its basic known properties,
so that we can safely establish the conditions where a coherent
model can be built and discussed.
4. Discussion
Achernar’s pronounced apparent asymmetry obtained in this
first approximation, together with the fact that it is a Be star,
raises the question of whether we observe the stellar photo-
sphere with or without an additional contribution from a CSE.
For example, a flattened envelope in the equatorial plane
would increase the apparent oblateness of the star if it were
to introduce a significant infrared (IR) excess with respect
to the photospheric continuum. Theoretical models (Poeckert
& Marlborough 1978) predict a rather low CSE contribution
in the K band especially for a star tilted at higher inclina-
tions, which should be our case as discussed below. Indeed,
Yudin (2001) reported a near IR excess (difference between
observed and standard color indices in visible and L band
centered at 3.6 µm) to be E(V − L) = 0.m2, with the same
level of uncertainty. Moreover, this author reports a zero in-
trinsic polarization (p∗). These values are significantly smaller
than mean values for Be stars earlier than B3 (E(V − L) >
0.m5 and p∗ > 0.6%), meaning that the Achernar’s CSE is
weaker than in other known Be stars. Further, an intermediate
Fi . 1. Fir t determinat on of Achern r’s
shape with VLTI (Domiciano de Souza
et al. 2003).
Fig. 2. Reconstruction of the surface
brightness of Altair with CHARA inter-
ferometer by Monnier et al. (2007).
Fig. 3. Part of the oscillation spectrum of Altair from WIRE (Buzasi et al. 2005).
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2.2 Asteroseismology
The large amount of photometric data that have been collected by space missions
like CoRoT, KEPLER, MOST or WIRE include a large number of rapidly rotating
stars. These data, like those shown in Fig. 3, are waiting for an interpretation.
This interpretation is of crucial importance to get a direct view on the interior of
early-type stars. Apart a few exception, all these stars rotate rapidly. They are
powered by the CNO cycle in a convective core. A long-standing question about
them is the size of this core and the amount of overshooting of convection in the
envelope. As shown by first investigations (e.g. Rieutord 2006; Espinosa Lara &
Rieutord 2013), the core-envelope interface is likely a complicated region from the
dynamical point of view. Asteroseismic constraints are therefore most welcome
to select the right models. Since fast rotation is an unavoidable feature of these
stars, 2D models are necessary to identify, interpret and invert the associated
asteroseismic data. The CoRoT target HD43317, a main sequence B-type star
rotating at 50% of its critical velocity, is certainly the best illustration of this need
(see Pa´pics et al. 2012).
2.3 Abundance patterns
1D-models have long been used to investigate the surface abundances in relation
with rotational mixing (e.g. Maeder 2009) with true success. However, recent
works based on large spectroscopic surveys with the VLT, comparing observed
abundance of nitrogen and prediction of models with the so-called Hunter diagram
(Brott et al. 2011) show obvious discrepancies between models an observations.
The long-standing questions about the abundances of lithium or beryllium are still
stimulating research on the way these elements are transported and depleted (e.g.
Tognelli et al. 2012). Clearly, more refined models that describe mixing associated
with rotation are needed.
2.4 Other fundamental questions about rotating stars
Even if observations prompt us to difficult questions (like the previous ones), the
conception of models or simply our curiosity about the evolution of stars, rises
other fundamental questions on the role of rotation in stellar evolution. A few of
them are the following:
• What is the dynamical evolution of rotating PMS stars? In which dynamical
state do they reach the main sequence?
• First stars, so-called population III stars, were lacking metals and therefore
were more compact, concentrating angular momentum. What has been the
evolution and the yields of these stars whose rotation has been certainly
quite fast?
• It is conjectured that rotation plays a crucial role in the explosion of super-
novae that produce gamma ray burst. What is the pre-supernova dynamical
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state?
2.5 Conclusions
All the foregoing arguments show that two-dimensional models including rotation
at any rate will permit the detailed exploration of numerous very timely problems.
It is one of the grand challenges of stellar physics for the next decades.
3 Constructing 2D models
3.1 Basic assumptions
In order to make the problem well-posed and tractable, we consider an isolated,
non-magnetic rotating star. Presently, we discard any mass-loss or time-evolution
and search for steady state solutions. We thus look for the structure of such stars
including their large-scale flows. Such models may not be very far from actual
early-type stars (typically A and B stars).
3.2 Equations to be solved
Let us just recall that the foregoing problem is that of the flow of a self-gravitating
compressible plasma. It is controlled by the four following partial differential
equations: 
∆φ = 4piGρ
ρT~v · ~∇S = −div ~F + ε∗
ρ(2~Ω∗ ∧ ~v + ~v · ~∇~v) = −~∇P − ρ~∇(φ− 12Ω2∗s2) + ~Fv
div(ρ~v) = 0.
(3.1)
namely Poisson equation, entropy equation, momentum equation and mass conser-
vation equation respectively. These equations are completed by the microphysics
prescriptions  P ≡ P (ρ, T ) OPALχr ≡ χr(ρ, T ) OPAL
ε∗ ≡ ε∗(ρ, T ) NACRE
(3.2)
and some transport prescriptions:
• The energy flux
~F = −χr ~∇T − χturbTRM
~∇S
• The transport of momentum
~Fv = µ ~Fµ(~v) = µ
[
∆~v +
1
3
~∇
(
~∇ · ~v
)
+ 2
(
~∇ lnµ · ~∇
)
~v
+~∇ lnµ× (~∇× ~v)− 2
3
(
~∇ · ~v
)
~∇ lnµ
]
.
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or any mean-field expression of the Reynolds stress.
Boundary conditions read
• On pressure (radiative equilibrium)
Ps =
2
3
g
κ
• On the velocity field (stress-free conditions)
~v · ~n = 0 and ([σ]~n) ∧ ~n = ~0
• On temperature (black body radiation)
~n · ~∇T + T/LT = 0
with a prescription of the angular momentum content or of the equatorial velocity,
namely: ∫
(V )
r sin θρuϕ dV = L or vϕ(r = R, θ = pi/2) = VEq
Detailed comments may be found in Espinosa Lara & Rieutord (2013).
4 The ESTER project and some results
4.1 Present status
We may briefly present the ESTER code as follows:
• It is a spectral code (Chebyshev polynomials & spherical harmonics) written
in C++ & Python. It is an open source code (http://code.google.com/p/ester-
project).
• The spheroidal shape of the star is accounted through a mapping of the
natural coordinates towards spherical ones (see Rieutord & Espinosa Lara
2013).
• It solves the structure equations in the asymptotic limit of small viscosities
with the Newton algorithm.
• It has been tested through comparisons with 1D codes at Ω = 0.
• Solutions are checked with internal tests (virial, energy integral, spectral
convergence, roundoff errors).
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Fig. 4. Variation of the position of a 7M star in the HR diagram when the hydrogen
content of its core is decreased. The apparent trajectory that depends on the inclination
i of the rotation axis with respect to the line of sight is given for i = 0 (pole on) and
i = 90◦ (equator on).
Presently, the ESTER code can compute models for early-type stars of mass
larger than 1.7 M rotating up to breakup. In Tab. 1, we give the example of
8 Title : will be set by the publisher
Table 1. Comparison between observationally derived parameters of the stars and tenta-
tive two-dimensional models. Data from Altair are from Monnier et al. (2007) and those
of Alderamin are from Zhao et al. (2009). Here ε is the flatness, ωk the ratio of the equa-
torial angular velocity to the keplerian one, j is the mean specific angular momentum of
the star and Xenv. is the hydrogen mass fraction in the envelope.
Star Altair (α Aql ) Alderamin (α Cep )
Observations Model Observations Model
Spectral type A7 IV-V A8 V
Mass (M) 1.65 1.92±0.04 1.92
Req (R) 2.029±0.007 2.027 2.739±0.04 2.747
Rpol (R) 1.634±0.011 1.627 2.199±0.035 2.166
ε 0.197 0.211
ωk 0.695 0.725
i 57◦ 56◦
Teq (K) 6860±150 6849 6574±200 6781
Tpol(K) 8450±140 8450 8588±300 8515
L (L) 10.2 18.1±1.8 18.6
Veq (km/s) 285.5±6 274 272±18 265
j (1017 cm2/s) 1.12 1.27
k [j/R2eqΩeq] 0.0289 0.0251
Peq (days) 0.374 0.525
Ppol (days) 0.387 0.538
Xenv. 0.70 0.70
Xcore/Xenv. 0.50 0.30
Z 0.014 0.017
Alderamin (α Cep) and Altair (α Aql) showing that our models nicely fit the
observed fundamental parameters of these stars as determined by interferometry.
This is also the case for other A-type stars like Vega or Rasalhague or the B-star
α Leo (see Espinosa Lara & Rieutord 2013). Three other stars, δ Vel Aa, Ab and
Achernar (α Eri) have also been investigated in Rieutord & Espinosa Lara (2013).
In these models, there is no time evolution but chemical evolution on the main
sequence can be mimicked by changing the hydrogen content of the core. In this
way we have explored the evolution along the main sequence for stars of constant
angular momentum.
The results of such calculations are shown in Fig. 4. In this case the initial
rotation rate is 50% critical. We note that changing the orientation of the rotation
axis may change the apparent luminosity by up to a factor 2 (note that limb
darkening is not accounted for in this calculation of the apparent luminosity).
This same figure is completed by the “evolution” of the angular velocity with
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respect to critical and of the flatness of the surface. As obvious in this diagram,
evolution on the main sequence leads to a more and more critical rotation of the
star. This comes from the fact that even if the equatorial velocity diminishes
because of angular momentum conservation and the growth of the radius, the
critical equatorial velocity decreases even more rapidly, making the star’s rotation
closer and closer to the critical one.
This result clearly shows that stars born at sufficiently rapid rotation rate
(typically 60% critical) will reach the critical rotation on the main sequence. It
supports the idea that the Be phenomenon is the result of the evolution of initially
fast rotating B-stars, although observations do not seem to show unambiguously
a frequency rise of Be stars at the end of the main sequence (Porter & Rivinius
2003).
5 Conclusion
Presently, the ESTER code can compute rather easily models of isolated interme-
diate-mass or massive stars at any rotation rate. The models are self-consistent
in the sense that they do not depend on an arbitrary differential rotation. Their
differential rotation (and associated meridional circulation) are computed as the
result of the baroclinic torque existing in the radiative envelope. The compar-
isons of fundamental parameters of the few nearby fast rotators observed with
interferometry with ESTER models are quite satisfactory. These models can be
used to invert interferometric visibilities and closure phases as they give more re-
alistic gravity darkening profiles than Roche/von Zeipel models (Espinosa Lara &
Rieutord 2011). The next step in comparing models and data is that of the iden-
tification of eigenmodes in a fast rotating star (Mirouh et al. 2013; Reese et al.
2013), which is still a challenge.
The future of 2D stellar models is now to move from steady state models to time
evolving ones with either gravitational contraction or nuclear reactions networks.
As far as structure is concerned, we also plan to extend the capabilities of the
code to low-mass stars, but this needs the development of an efficient modeling of
convective envelopes in two-dimensions.
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